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Abstract5

We provide a simplex algorithm for a structured class of uncapacitated countably-infinite6

network flow problems. Previous efforts required explicit capacities on arcs with uniformity7

properties that facilitate duality arguments. By contrast, this paper takes a “primal” approach8

by devising a simplex method that provably converges to optimal value using arguments based9

on convergence of spanning trees and nonnegativity of reduced costs. This allows for removal of10

explicit capacity bounds. The method also converges, on a subsequence, to an extremal optimal11

solution. Our method is tailored to our problem setting — acyclic networks with nodes of only12

nonnegative supplies (or, alternatively, only demands). The necessary structure can be found in13

a variety of applied settings not amenable to existing methods including nonstationary infinite-14

horizon dynamic programming. A finite implementation of our simplex algorithm is provided15

for the infinite horizon dynamic lot sizing problem under linear costs.16
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1 Introduction19

Network flow problems have a storied history of both theory and applications. Network problems20

have long driven the theory of linear optimization and seen countless uses in industrial settings (for a21

thorough survey see [2]). However, network flow problems over infinite graphs have seen only scant22

development over the last twenty years. This is despite their potential to drive the development23

of infinite-dimensional linear programming and find application in settings where infinitely large24

graphs are a natural modeling consequence, including infinite-horizon planning problems.25

Our work draws on previous development in the infinite-dimensional linear optimization and26

infinite graph literatures. We work with directed graphs with countably-many nodes where each27

node has finite in- and out-degree. This is a special case of countably-infinite linear programming28

(CILP) studied by Smith and various co-authors [9, 11, 16, 17]. Ours is one of only two studies29

to handle degeneracy in CILPs, the other being the pioneering work of [21], which does so in the30

capacitated network flow setting. Our work also relates to the theory of infinite graphs [8]. To our31
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knowledge, there are no explorations of the simplex method on infinite graphs in that literature,32

where optimization is typically not the main focus (see [1, 15] for notable exceptions).33

Previous work has examined the extremal structure of optimal solutions to infinite network flow34

problems [18] including an algorithm that applies to problems that obey certain regularity condi-35

tions on their infinite-dimensional duals [21]. This regularity is ensured by uniform capacity bounds36

on arcs ([21, Proposition 2.5]). Our goal is to devise a simplex method with desirable convergence37

properties that does not rely on duality arguments and removes the need for capacity restrictions.38

Somewhat paradoxically, and in contrast to the finite setting, uncapacitated problems can present39

even more issues than capacitated problems in the infinite setting. The lack of capacities can lead to40

unbounded flows on arcs that is another source of “infinity” that requires subtle handling. Hence,41

our analysis complements that of [21] in a new and challenging subclass of network flow problems.42

A simplex method pivots between adjacent extreme points of the feasible region, never worsening43

in objective value. This method is well-understood in the finite-dimensional setting, but more care44

is needed in the infinite-dimensional setting. For general CILPs, it may be that extreme points45

cannot be characterized as basic feasible solutions [9], thus making it a challenge to algebraically46

define the pivot operation. Some existing algorithms explore nonadjacent extreme points and thus47

fail to be a classical simplex method [11]. Examples in the literature show that a sequence of48

feasible solutions that is strictly improving in objective value may nonetheless fail to converge to49

the optimal value [11]. However, simplex methods for special CILPs arising from Markov decision50

processes (MDP) have been introduced [10, 12].51

The goal of this paper is to devise a simplex method for infinite network problems that has con-52

vergence guarantees without relying on uniform capacity bounds. Our proposed algorithm produces53

a sequence of monotone-improving adjacent extreme points that converges in value to the optimum,54

and converges to an optimal extreme point on a subsequence. Our method is “primal,” avoiding55

dual arguments based on transversality or nondegeneracy that are strong theoretical conditions56

that underpin simplex methods in the existing literature (see, for instance, [10–12, 21]).57

Degeneracy is a key challenge here, since network flow problems tend to be highly degener-58

ate, unlike the MDP settings studied in the literature. A convergent simplex algorithm must59

guarantee absence of cycling between feasible bases, an issue resolved by various methods in the60

finite-dimensional setting. We develop an anti-cycling pivoting rule that has no direct counterpart61

in the finite setting. Indeed, pure supply networks themselves have no direct finite counterpart since62

in finite networks, flow must originate and terminate at nodes within the graph. In the infinite63

setting, flow can always be sent “to infinity” rather than satisfy demand at any node. In this way,64

our study highlights several distinct features of the infinite network flow problems not shared by65

the finite case.66

Another unexpected outcome of our approach is a proof of strong duality as a consequence67

of our simplex method. Although standard in the finite-dimensional setting (see for instance [5,68

Chapter 4]), using a simplex-like method to prove duality in the infinite setting is relatively un-69

common (see [14] for an exception in the case of separated continuous linear programs) and, to our70

knowledge, not leveraged in CILPs.71

Our development is specialized to acyclic pure supply (or pure demand) networks with geometri-72

cally decaying costs and uniformly bounded supplies. All nodes are either supply or transshipment73

nodes (pure demand is defined analogously). Although our setting is highly structured, it nonethe-74

less captures a wide class of potential applications of infinite network flow problems. This includes75

infinite-horizon nonstationary dynamic programs and dynamic lot sizing problems with linear pro-76
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duction and holding costs. In the latter case, we are able to provide a finite implementation of77

our simplex method, suggesting a path for practical application of our ideas with further investi-78

gation. Stepping outside our setting presents numerous analytical challenges. A key feature of our79

method is that simplex iterates correspond to spanning in-trees rooted at infinity and thus have an80

appealing structure for analysis. The addition of even a single demand node can break the in-tree81

structure and disrupt our analysis. We believe there is scope for extending our primal approach to82

more general problems with additional insights. We leave this for future work.83

The general simplex method we present for pure supply (and demand) problems is abstract84

in the sense that its implementation may require an infinite amount of data and computation in85

each iteration. This drawback is common to many infinite-dimensional optimization methods, with86

some notable exceptions [10–12]; the algorithm in [21] is also abstract, with a subclass of problems87

that allow finite iterations considered. We also derive a finite implementation of our approach when88

applied to the infinite horizon dynamic lot-sizing problem. This shows a path for future work in89

this direction.90

The rest of the paper is organized as follows. Section 2 introduces our problem and notation used91

throughout the paper. Section 3 defines basic feasible flows, connects them to spanning trees and92

circulations, and discusses optimality conditions. Section 4 develops our simplex algorithm using the93

notion of finite layers of nodes that control the set of entering variables (building on the concepts94

in [21]). Our proof of convergence relies on convergence of spanning trees and nonnegativity of95

reduced costs in a limiting basic feasible flow. Section 5 explores an application to infinite-horizon96

nonstationary dynamic programming, and Section 6 explores an extension to dynamic lot sizing.97

Section 7 develops a strong duality result using the simplex method as the main tool of the proof.98

Section 8 concludes the paper.99

2 Pure-supply network flow problems100

2.1 Graph structure101

Let G = (N ,A) be a directed graph with countably many nodes N = {1, 2, . . . } and arcs A ⊆ N ×102

N . Let I(i) denote the set of nodes that are tails of arcs entering node i: I(i) := {j ∈ N : (j, i) ∈ A}.103

Similarly, the set of nodes that are heads of arcs leaving i is O(i) := {j ∈ N : (i, j) ∈ A}. The104

in-degree and out-degree of node i in G are the cardinalities of I(i) and O(i), respectively. A graph105

is locally finite if every node has finite in- and out-degree.106

A finite (undirected) path inG is a finite sequence of distinct nodes i1, i2, . . . , in, where (ik, ik+1) ∈107

A or (ik+1, ik) ∈ A for k = 1, . . . , n− 1. A path to infinity is a sequence of distinct nodes i1, i2, . . .108

where (ik, ik+1) ∈ A or (ik+1, ik) ∈ A for k = 1, 2, . . . . We typically use Pij to denote a finite path109

from node i to node j, and Pi∞ to denote a path from node i to infinity. Two nodes i and j are110

finitely connected in G if there exists a finite path Pij . Two nodes i and j are connected at infinity111

if G contains two paths to infinity, Pi∞ and Pj∞, that share no common nodes. Nodes i and j112

are connected if they are either finitely connected or connected at infinity. The graph G is finitely113

connected if all nodes i and j in G are finitely connected.114

A finite cycle in G is a finite sequence of nodes i1, i2, . . . , in, i1 where i1, i2, . . . , in is a path and115

either (i1, in) ∈ A or (in, i1) ∈ A. An infinite cycle, also called a cycle at infinity, consists of two116

paths to infinity from some node i, (i, i1, i2 . . . ) and (i, j1, j2, . . . ), where all intermediate nodes ik117

and j` are distinct.118
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We also need directed versions of these definitions. A finite directed path from i1 to in, denoted119

P→i1in , is a finite path i1, . . . , in where (ik, ik+1) ∈ A for all k = 1, 2, . . . , n− 1. A directed path from120

node i to infinity, denoted P→i∞, is a path to infinity Pi∞ where each arc in the path is directed121

away from node i. A directed path from infinity to node i, denoted P←i∞, is a path to infinity Pi∞122

where each arc in the path is directed towards node i. A directed finite cycle is a finite cycle that123

consists of a finite directed path i1, . . . , in and the arc (in, i1) ∈ A. A directed cycle at infinity is124

a cycle at infinity where both paths to infinity from a given node i are directed, one from infinity125

to i, and the other from i to infinity. A graph is acyclic if it contains no finite or infinite directed126

cycles.127

Assumption 1. The graph G is: (i) locally finite, (ii) finitely connected, and (iii) acyclic.1128

Following [21], we define layers in G as follows. Let r be an arbitrary node in G. The first129

layer of nodes, denoted L1, consists of node r and all nodes that are adjacent to r; that is, L1 :=130

{r} ∪ {i : (i, r) ∈ A or (r, i) ∈ A}. We define other layers in the graph recursively as follows:131

Ln+1 := Ln ∪ {i : (i, j) ∈ A or (j, i) ∈ A for some j ∈ Ln} , n = 1, 2, . . . .132

Since G is locally finite and finitely connected, each layer contains a finite number of nodes, every133

node is included in some layer, and once a node is in layer Ln it is in every subsequent layer134

Lk for k > n. Let Gn = (Ln, An) denote the subgraph of G induced by the layer Ln, where135

An := {(i, j) ∈ A : i, j ∈ Ln} is the set of arcs in the subgraph induced by the layer of nodes Ln.136

2.2 Node supplies and arc costs137

We associate node and arc data with G to specify a network. Each node i has supply bi and is a138

supply node if bi > 0, a demand node if bi < 0, and a transshipment node if bi = 0. Each arc (i, j)139

has cost cij . The tuple N := (N ,A, b, c) denotes the infinite network with node set N , arc set A,140

supplies b = (bi : i ∈ N ), and arc costs c = (cij : (i, j) ∈ A).141

Assumption 2. The node and arc data for the network N := (N ,A, b, c) satisfy: (i) bi ≥ 0 for all142

i ∈ N , (ii) bi is integer for all i ∈ N , (iii) b ∈ `∞(N ), i.e., there exists a uniform upper bound b̄ on143

all node supplies, and (iv) c ∈ `1(A).144

The countably-infinite network flow (CINF) problem (P) on infinite network N is to a find a145

real nonnegative flow vector x that minimizes the cost Z(x) :=
∑

(i,j)∈A cijxij and satisfies flow146

balance at every node:147

Z? = inf
x
Z(x) :=

∑
(i,j)∈A

cijxij (2.1a)148

(P ) s.t.
∑
j∈O(i)

xij −
∑
j∈I(i)

xji = bi for i ∈ N (2.1b)149

xij ≥ 0 for (i, j) ∈ A, (2.1c)150
151

where constraints (2.1b) are the flow balance constraints. A vector x that satisfies constraints152

(2.1b)–(2.1c) is a feasible flow. An extremal flow is a feasible flow that cannot be expressed as a153

strict convex combination of two other feasible flows.154

1Once stated, assumptions hold without further reference. Exceptions are explicitly noted.
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In general, Z(x) may be undefined for some feasible flow x, or Z? may be infinite. We now155

make assumptions that guarantee neither of these abnormalities occur.156

We begin with some pre-processing. Identify all transshipment nodes with out-degree zero.157

Since no feasible flow will send positive flow along arcs into such nodes, they can be removed along158

with all of their adjacent arcs without loss of generality. Apply this rule recursively until no such159

nodes remain. Moreover, without loss of feasibility, each supply node has out-degree at least one160

— otherwise flow balance is violated. We have thus established the following result.161

Proposition 2.1. In every feasible instance of (P), each node has out-degree at least one without162

loss of generality.163

We call node i a predecessor of node j (in G) if there exists a directed path P→ij .164

Lemma 2.2. Every node has finitely-many predecessors.165

Proof. Suppose i ∈ N has infinitely many predecessors. Since the graph is locally finite, this166

means there exists a directed path from infinity to node i. Since all nodes have out-degree at167

least one (via Proposition 2.1) and there are no finite cycles in the graph, there must also be an168

infinite directed path from i to infinity. This implies G has a directed infinite cycle, contradicting169

Assumption 1(iii).170

Assumption 3. G = (N ,A) has finitely many nodes with in-degree 0.171

Lemma 2.2 and Assumption 3 together allow us to specify an ordering of the nodes and arcs.172

We define stages of nodes as follows. Stage 0 is the set of all nodes with in-degree 0. This set is173

finite by Assumption 3. Stage 1 consists of all nodes with in-degree 0 in the modified graph that174

results from removing all Stage 0 nodes and their adjacent arcs. This set is again finite since each175

node with in-degree 0 in the modified graph must be adjacent to one of the finitely-many removed176

nodes. Repeat this procedure to construct the remaining stages. Since the graph is acyclic, each177

node is contained in exactly one stage. Each stage is finite and the only possible incoming arcs into178

nodes in Stage k must have tails at nodes in earlier stages. Let Sk denote the set of nodes in Stage179

k. We label nodes with the natural numbers N so that all nodes in Sk have smaller labels than180

the nodes in Sk+1, for all k. This means i < j for every (i, j) ∈ A. Arcs can also be labeled with181

the natural numbers so that arcs with tails in lower-numbered stages have smaller labels than arcs182

with tails in higher-numbered stages. Let s(i) denote the stage of node i. Clearly, s(i) ≤ i, and183

s(i) ≤ s(j) if i < j.184

Assumption 4. Network N := (N ,A, b, c) satisfies the following: (i) there exist β ∈ (0, 1) and185

γ ∈ (0,+∞) such that for every (i, j) ∈ A, |cij | ≤ γβs(i), where β can be interpreted as a discount186

factor, and (ii) there exists a sub-exponential function g(k) such that the cardinality of Stage k is187

bounded above by g(k): |Sk| ≤ g(k) for all k. In particular, we require
∑∞

k=0 β
k
∑k

j=0 g(j) < ∞.188

Any bounding polynomial g(k) suffices.189

Remark 2.3. Before proceeding, we point out a potential point of confusion between stages and190

layers. Both are finite subsets of nodes. However, given an infinite network satisfying Assumptions 1191

through 3, there is a unique staging of the nodes. By contrast, there are many possible layerings192

— indeed, any choice of a node as the root node r produces a different layering.193

Definition 2.4. A network N := (N ,A, b, c) is called a pure-supply network if it satisfies Assump-194

tions 1 through 4.195
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In the remainder of the paper we assume the network underlying problem (P) is a pure supply196

network. Consequently, we call (P) a pure-supply problem.197

2.3 Properties of pure-supply problems198

We now explore basic properties of pure supply problems.199

Lemma 2.5. Every feasible flow has finite objective value.200

Proof. Let x be a feasible flow. We have201

∞∑
k=0

∑
i∈Sk

∑
j:(i,j)∈A

|cij |xij ≤ b̄ γ
∞∑
k=0

βk
k∑
j=0

g(j) <∞,202

where the first inequality holds since x ≥ 0 and all flow on arcs with tails in Stage k must come203

from supplies at nodes in the first k stages (since the graph is acyclic) and hence can be bounded by204

b̄
∑k

j=0 |Sj | ≤ b̄
∑k

j=0 g(j), and the cost of corresponding arcs is bounded above by γβk. The second205

inequality follows from Assumption 4(ii). Thus, the sum
∑∞

k=0

∑
i∈Sk

cijxij converges absolutely,206

and the cost of flow x can be broken up by stage; that is,207

∑
(i,j)∈A

cijxij =
∞∑
k=0

∑
i∈Sk

∑
j:(i,j)∈A

cijxij ,208

and is thus finite (see, e.g., [19, Theorem 3.55]).209

Next, we discuss important topological properties of the feasible region and objective function.210

Let A(x) = {(i, j) ∈ A : xij > 0} denote the set of active arcs of feasible flow x.211

Lemma 2.6. Suppose x is a feasible flow with active arc (i, j) ∈ A(x). Then there exists a directed212

path from i to infinity in the graph G(x) = {N , A(x)}.213

Proof. Every node in the network is either a supply or a transshipment node. Since xij > 0, node214

j has some incoming flow, and so by flow balance, there must be flow leaving node j along at least215

one arc (j, j1) ∈ A(x). Repeat this argument for node j1, etc. Since there are no directed cycles in216

the graph, this generates a directed path from i to infinity in G(x).217

Lemma 2.7. The set of all feasible flows is compact in the product topology.218

Proof. We apply Tychonoff’s theorem. The first step is to show that the flow on each arc is219

uniformly bounded across all feasible flows. Constraint (2.1c) gives a lower bound of 0, so it220

remains to show that each arc (i, j) has an implied upper bound uij .221

Suppose otherwise that there exists an arc (i, j) and a sequence of feasible flows xn, n = 1, 2, . . .222

with xnij → ∞ as n → ∞. Without loss of generality, for any n we have xnij > 0. By Lemma 2.6,223

there exists a directed path from i to infinity consisting of arcs in A(xn). Since the graph does not224

have finite or infinite directed cycles, the flow on arc (i, j) in xn must originate from a subset of225

supply nodes in the network, which we denote by Mn ⊂ N . Note that xnij ≤
∑

k∈Mn
bk ≤ b̄ · |Mn|.226

Since xnij →∞, this implies |Mn| → ∞ as n→∞. On the other hand, nodes of Mn are predecessors227

of i for any n, and by Lemma 2.2 the cardinality of these sets must be bounded, a contradiction.228
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Hence, the flow on every arc (i, j) has a lower bound of 0 and an implied upper bound of uij <∞.229

Without loss of generality, uij ≥ 1. By Tychonoff’s theorem, the “rectangle”
∏

(i,j)∈A[0, uij ] is230

compact in the product topology.231

It remains to show that the feasible region is a closed subset of this rectangle and thus compact.232

Each constraint in (2.1b) is of the form ϕi(x) = bi, where φi is a linear functional on RN with finite233

support. Hence, φi is continuous in the product topology (in fact, every linear topology on RN) and234

so the set {x : ϕi(x) = bi} is closed, being the pre-image of the closed set {bi} under a continuous235

function (see, e.g., [3, Theorem 2.27]). Hence, the feasible region of (2.1) is an intersection of closed236

sets and thus closed.237

Remark 2.8. The upper bounds uij are implied by our assumptions and are not given explicitly238

as constraints in the formulation. Moreover, the implied bounds uij need not satisfy any uni-239

formity properties across arcs. Thus, the instances of (P) we explore may fail the condition in240

Proposition 2.5 of [21].241

Following [20], we define a new topology based on the uij ’s defined in Lemma 2.7. Let242

Xij = [−uij , uij ] for (i, j) ∈ A (observe that since uij ≥ 1 we have [−1, 1] ⊆ Xij), and let243

X =
∏

(i,j)∈AXij . Note that X contains every feasible flow and the differences of any two feasible244

flows — a property we will need later (see the proof of Lemma 3.4). Adopting the relative topology245

σ inherited from the product topology on RN, X is a compact topological space (via Tychonoff’s246

Theorem, [3, Theorem 2.61]).247

Theorem 2.9. The objective function Z(x) =
∑

(i,j)∈A cijxij is continuous in the relative topology248

σ over X.249

Proof. This follows from Theorem 2.2 of [20] that depends on three assumptions (Assumptions A,250

B, and C) from that paper. Reordering nodes and arcs according to stages yields the “staircase”251

structure of [20]. Assumption A follows from the bounds uij in Lemma 2.7. Assumption B follows252

since the constraints in (P) are continuous in the product topology. Assumption C holds by linearity253

of the objective function Z(x) and the staged structure of the costs, via a comment in [20] that254

immediately precedes the statement of proof of Theorem 2.2.255

Corollary 2.10. Optimal cost Z? is finite and achieved at an extremal flow.256

Proof. Existence of an optimal extremal flow x? is immediate from Bauer’s minimum principle257

[3, Theorem 7.69]. Objective function Z(x) is linear and continuous on the feasible region (via258

Theorem 2.9), and the feasible region is compact (via Lemma 2.7). By Lemma 2.5, Z(x?) is finite,259

and hence so is Z? = Z(x?).260

Corollary 2.10 shows that a simplex method that pivots between extremal flows has some hope261

of finding an optimal solution to (P). Moreover, it establishes a “finite target” Z? for proving262

optimal value convergence. A similar result is established in [11] by relying on explicit bounds on263

all variables.264

Remark 2.11. The construction of the topological space X and the relative topology σ are of265

critical importance here, due to the fact that the only continuous functions over the whole space266

RN with the product topology are those in the space of finite-support real sequences (for a discussion267

see [3, Chapter 16]). This is unacceptable for our applications, as limiting the discussion to such268
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functions would imply zero arc costs for all but finitely many arcs. However, use of a modified269

topology makes establishing duality via standard methods of [4] no longer possible. We are not270

working with the full topological vector space RN and its associated topological dual. This is the271

reason we must develop an alternative approach to duality in Section 7 below.272

Remark 2.12. Any result derived for a pure-supply problem can be applied to the case of pure273

demands, in which Assumption 2(i) is replaced with bi ≤ 0 for all i ∈ N . Any instance of the latter274

is equivalent to a pure-supply problem with supplies −bi ≥ 0 for all i and with the direction of all275

arcs reversed. Our exposition sticks to pure supply problems acknowledging this correspondence.276

3 Basic feasible flows277

In this section we discuss the concepts of trees, basic feasible flows, and pivoting between basic278

feasible flows. At first glance, these concepts behave similarly to the finite-dimensional case. How-279

ever, extensions to the infinite case require particular care, and frequently rely on our assumptions280

in Section 2.281

A forest is a subgraph of G that contains no finite or infinite cycles, and a spanning tree is a282

connected forest with arcs incident to all nodes in the graph (recall that we allow pairs of nodes to283

be connected at infinity). These definitions differ from the definitions in the infinite graph theory284

literature, where a forest only requires the absence of finite cycles (see, for instance, [8, Chapter285

8]). We employ this stricter definition since it enables us to characterize extremal flows in networks.286

An important characterizing property of spanning trees is that, for each node i ∈ N , there exists a287

unique path from i to infinity that uses only tree arcs. Indeed, if a node is not on a path to infinity,288

then it can only be connected to finitely-many nodes, violating the connectedness property of a289

tree, and multiple paths to infinity indicate a presence of a finite or infinite cycle.290

Theorem 3.1 (cf. Theorem 3.13, [18]). Every forest in a locally-finite connected graph is contained291

in a spanning tree.292

We call a vector x satisfying constraints (2.1b) a basic flow if the arcs {(i, j) ∈ A : xij 6= 0}293

form a forest in G. Theorem 3.1 ensures that a spanning tree can be associated with every basic294

flow. A basic flow is a basic feasible flow if it also satisfies nonnegativity constraints (2.1c). In295

short, a basic feasible flow is a feasible flow whose active arcs form a forest.296

We now justify the term basic flow in the infinite network setting. Given a basic flow x and a297

spanning tree T containing all arcs (i, j) with xij 6= 0, we call the arcs in T basic arcs (denoted298

A(T )), and the arcs not in T nonbasic arcs (denoted A(T )). We also refer to the set A(T ) as a299

basis. The doubly-infinite node-arc incidence matrix M can be written as M = (MA(T ),MA(T )
), by300

possibly rearranging columns, where MA(T ) and M
A(T )

contain the columns of M associated with301

arcs in A(T ) and A(T ), respectively. Analogous to the finite case, since T is a spanning tree, the302

submatrix MA(T ) determines a bijective linear map, which can be shown by an argument similar303

to the proof of Theorem 7.3 in [5] and thus omitted here.304

Basic feasible flows are tightly connected to extremal flows. In finite-dimensional network flow305

problems, basic feasible flows and extremal flows coincide. Unfortunately, as first pointed out by306

[18], this may not hold for infinite networks. However, this equivalence can be recovered due to307

Assumption 2(ii) and the following result.308
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Theorem 3.2 (cf. Theorems 3.13 and 3.14, [18]). If supplies bi are integer for all i ∈ N , a flow x309

is an extremal flow of (P) if and only if x is a basic feasible flow. Moreover, in every basic feasible310

flow x, xij is integer-valued for all (i, j) ∈ A.311

From Theorem 3.2, a feasible flow x is an extremal flow if and only if its active arcs form a312

forest. We call a basic feasible flow x nondegenerate if the forest G(x) = (N , A(x)) is a spanning313

tree; otherwise we call x degenerate. As in the finite case, degeneracy can be problematic in the314

simplex method if there are multiple spanning trees containing G(x).315

The simplex method systematically pivots between spanning trees and their corresponding basic316

feasible flows. Let T be a spanning tree containing G(x) for extremal flow x. Adding any nonbasic317

entering arc a↑ to T creates a unique cycle C (in the undirected sense), which can be either finite318

or infinite. Removing any arc in C results in another spanning tree. We orient C so that a↑ is319

a forward arc and let CF and CB denote the sets of forward and backward arcs in C under that320

orientation. This defines a flow vector hC — called the simple circulation associated with C —321

where hCij is 1 if (i, j) ∈ CF , −1 if (i, j) ∈ CB, and 0 otherwise.322

A new flow x̂ is derived by sending flow θ around the simple circulation hC ; that is, x̂ = x+θhC ,323

where θ = inf(i,j)∈CB xij (and thus equal to ∞ if CB is empty). Since every basic feasible flow is324

integer-valued (Theorem 3.2), the infimum defining θ is achieved (when CB 6= ∅), and any arc that325

achieves it is a valid choice of leaving arc a↓ from the basis. Every valid choice results in a new326

spanning tree T̂ by swapping out arc a↓ for a↑. It is easy to see that x̂ is the basic feasible flow327

associated with T̂ . T̂ is said to be adjacent to T since they differ only by two arcs.328

If θ > 0, the new basic feasible flow x̂ is different from x (also called adjacent). If, however,329

θ = 0, the pivot is degenerate and T̂ is an alternate spanning tree representation of the same330

extremal flow x. This implies that x itself is degenerate.331

We now describe how the objective value changes with a pivot. For every nonbasic arc (i, j) /∈332

A(T ), let C(i, j) denote the unique cycle formed when adding arc (i, j) to T . The reduced cost of333

arc (i, j) /∈ A(T ) is334

c̄ij =
∑

(k,`)∈C(i,j)F

ck` −
∑

(k,`)∈C(i,j)B

ck`,335

and c̄ij = 0 for (i, j) ∈ A(T ). Although traditionally not explicitly reflected in notation, the reduced336

cost of an arc is defined with respect to a specific spanning tree T . Since c ∈ `1(A), the reduced cost337

of every nonbasic arc is finite. After a pivot with a↑ as the entering arc, the change in objective338

value is precisely θc̄a↑ .339

There is a simple optimality condition for infinite network flow problems involving the reduced340

costs of nonbasic variables (Theorem 3.6 below). Its proof requires the following lemmas. Recall341

that C(i, j) denotes the unique cycle formed when adding (i, j) to spanning tree T .342

Lemma 3.3. For any spanning T , arc a ∈ A(T ) is contained in finitely many of the cycles C(i, j)343

for (i, j) /∈ A(T ).344

Proof. We call node i a tree-predecessor of arc a if a is contained in the unique tree path from345

i to infinity in T . Note that a belongs to C(i, j) only if either i or j is a tree-predecessor of a.346

Moreover, since T contains no infinite cycles, a can have at most finitely-many tree-predecessors,347

each of which has finitely many adjacent arcs (due to the local finiteness of G). Taken together,348

this implies that a lies in at most finitely many cycles C(i, j) for (i, j) /∈ A(T ).349
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Lemma 3.4. Let y be a circulation in G, i.e., y ∈ RA such that My = 0, that arises as the350

difference of two feasible flows. Let T be a spanning tree. Then y can be decomposed among351

simple circulations as follows:352

y =
∑

(i,j)∈A(T )

yijh
C(i,j). (3.1)353

Moreover, when y has finite cost,354

Z(y) =
∑

(i,j)∈A

c̄ijyij . (3.2)355

Proof. Let ỹ =
∑

(i,j)∈A(T ) yijh
C(i,j). We claim this is a well-defined sum. For ỹk` where (k, `) /∈356

A(T ), only cycle Ck` in the sum defining ỹ contains arc (k, `) and so ỹk` is clearly finite. For ỹk`357

where (k, `) ∈ A(T ), by Lemma 3.3, only finitely many of the cycles C(i, j) contain arc (k, `) and358

ỹk` also arises from a finite sum. This implies that ỹk` is well-defined for all (k, `) ∈ A, and thus ỹ359

is well-defined.360

For any (i, j), (k, `) ∈ A(T ), h
C(i,j)
kl = 1 if (i, j) = (k, `) and 0 otherwise, since every ba-361

sic simple circulation contains exactly one nonbasic arc. Moreover, for (i, j) ∈ A(T ), ỹij =362 ∑
(k,`)∈A(T ) yk`h

Ck`
ij = yijh

C(ij)

ij = yij . Hence ỹ
A(T )

= y
A(T )

. Combining this with the observa-363

tion that My = Mỹ = 0, we see that MA(T )ỹA(T ) = MA(T )yA(T ). Since MA(T ) is a bijection,364

ỹA(T ) = yA(T ), and so y = ỹ.365

To derive (3.2), we appeal to the continuity of Z over the topological space X from Theo-366

rem 2.9. Since y is a difference of feasible flows, we have y ∈ X since for any feasible flow x,367

0 ≤ xij ≤ uij for all (i, j) ∈ A. Thus ỹ = y ∈ X. Moreover, hC(i,j) ∈ X since [−1, 1]A ⊆ X,368

and hence Z(ỹ) = Z
(∑

(i,j)∈A yijh
C(i,j)

)
=
∑

(i,j)∈A yijZ(hC(i,j)), where the second equality holds369

by countable additivity, which is a consequence of continuity of Z in the topology over X (for a370

discussion of this property see [13], noting the fact from [3, Chapter 16] that continuity in the371

product topology over RN implies countable additivity and so specializes to the relative topology372

over X).373

Finally,374

Z(y) = Z(ỹ) =
∑

(i,j)∈A(T )

yij Z(hC(i,j)) =
∑

(i,j)∈A(T )

yij c̄ij =
∑

(i,j)∈A

c̄ijyij ,375

where third equality follows from the definition of reduced costs and the fourth equality uses the376

fact that c̄ij = 0 for (i, j) ∈ A(T ). This completes the proof.377

For the following two results, recall that any feasible flow has finite cost by Lemma 2.5, and378

optimal value Z? is finite by Corollary 2.10.379

Corollary 3.5. Let x be an extremal flow with an associated spanning tree T , and let f be an380

arbitrary feasible flow. Then f − x =
∑

(i,j)∈A(T ) fijh
C(i,j).381

Proof. f − x is a circulation that satisfies assumptions of Lemma 3.4. Combining (3.1) with the382

observation that, for any (i, j) ∈ A(T ), xij = 0 and so fij − xij = fij , gives the desired expression.383

384
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Theorem 3.6 (Optimality condition). Let x be an extremal flow and let T be a spanning tree385

containing G(x) such that the reduced costs c̄ij are nonnegative for all nonbasic arcs (i, j). Then386

Z(x) = Z? and x is an optimal solution to (P).387

Proof. Let f be a feasible flow. Corollary 3.5 implies f − x =
∑

(i,j)∈A(T ) fijh
C(i,j). Applying (3.2)388

yields Z(f − x) =
∑

(i,j)∈A c̄ij(fij − xij) =
∑

(i,j)∈A(T ) c̄ijfij ≥ 0. That is, Z(x) ≤ Z(f) for every389

feasible f . Since Z? is finite, Z(x) = Z? and x is an optimal solution to (P).390

4 A simplex method391

In this section we introduce a simplex method for pure supply problems. In general, each iteration392

of this algorithm can require an infinite amount of data and computation to execute. In this393

sense, it serves as an abstract template for practical, finitely implementable methods. Such a finite394

implementation is indeed possible for structured instances, as illustrated in Section 6 below and in395

the literature [10, 12, 21].396

Degenerate basic feasible flows and degenerate pivots raise the possibility of cycling. We propose397

a simplex method that does not cycle on pure-supply networks and converges to optimality.398

We begin by showing that a pure supply problem always has a spanning tree with the cor-399

responding basic feasible flow where a simplex method can be initialized. Consider the following400

procedure for constructing an initial spanning tree:401

Procedure 1 (Constructing an initial spanning tree). Given an instance of (P), (i) for every node402

i select a single outgoing arc ai (such an arc is guaranteed to exist by Proposition 2.1), and (ii)403

construct subgraph S with arc set {ai : i ∈ N}.404

A spanning tree S is an in-tree rooted at infinity if for each node i ∈ N , the unique path from405

i to infinity in S contains only forward arcs.406

Lemma 4.1. A subgraph S of a pure supply network is a spanning in-tree rooted at infinity if407

and only if it can be constructed by Procedure 1, i.e., S contains exactly one outgoing arc for each408

node i ∈ N .409

Proof. (if) Suppose S has exactly one outgoing arc for each node i ∈ N . Clearly, every node i is410

in S. Furthermore, S has no finite or infinite cycles. Indeed, every node has only one outgoing arc411

in S and so any cycle in S would have to be directed. However, since G has no directed cycles, S412

cannot have any cycles. Finally, since S has no cycles and each node has one outgoing arc included413

in S, for any i ∈ N , we can construct a directed path P→i∞ in S by starting in i and following the414

sequence of outgoing arcs selected at each subsequent nodes. Therefore, S is connected, and thus a415

spanning tree. Moreover, as observed above, all arcs on the unique path from any node to infinity416

are forward arcs. In other words, S is a spanning in-tree rooted at infinity.417

(only if) Suppose S is a spanning in-tree rooted at infinity, but for some i ∈ N , it includes418

arcs (i, j) and (i, k), with j 6= k. By definition of a spanning in-tree rooted at infinity, S contains419

paths P→j∞ and P→k∞; combination of these paths with arcs (i, j) and (i, k) contains a cycle within420

S, resulting in a contradiction.421

Procedure 2 (Constructing a basic flow from a tree). Given a spanning tree S, construct a flow422

xS on S as follows: start with xS = 0. For each i ∈ N , identify the unique path Pi∞ from i to423
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infinity in S, with forward arcs PFi∞ and backward arcs PBi∞, and add flow of bi to all arcs in PFi∞424

and remove flow of bi from all arcs in PBi∞.425

Note that this procedure can be applied to any spanning tree (not necessarily a spanning in-426

tree rooted at infinity). It is easy to see that xS always satisfies flow balance constraints (2.1b).427

Moreover, xS has zero flow outside the arcs of the spanning tree S. Therefore, it is a basic feasible428

flow if and only if xSa ≥ 0 for all arcs a in S.429

Lemma 4.2. If S is a spanning in-tree rooted at infinity in a pure supply network, the flow xS is430

a basic feasible flow.431

Proof. If S is a spanning in-tree rooted at infinity, any path Pi∞ in S contains only forward arcs.432

For any i, xai can be calculated as the sum of supplies at node i and all nodes j that are tree-433

predecessors of i in S. For any i ∈ N , xai is finite (since G, and thus S, is locally finite) and xai ≥ 0434

(since all supplies are nonnegative). Since xSa ≥ 0 for all a ∈ S, xS is a basic feasible flow.435

Procedures 1 and 2 can be used to construct a basis that is a spanning in-tree rooted at infinity436

and the corresponding basic feasible solution, which can be used to initialize a simplex algorithm.437

Next, we discuss a particular pivoting rule we will use.438

Procedure 3 (Pivot rule). Given a spanning in-tree rooted at infinity S, construct a new tree as439

follows: (i) Let (i, j) ∈ A \ A(S) be the entering arc. Add this arc to S to create an (undirected)440

cycle C in S. (ii) The leaving arc is (i, j′) ∈ A(S) with j′ 6= j. Remove this arc from S to obtain a441

new tree, S′. There is only one such arc so this choice is unique.442

Lemma 4.3. The output S′ of Procedure 3 is a spanning in-tree rooted at infinity. Consequently,443

xS
′

is a basic feasible flow.444

Proof. Since S is a spanning in-tree rooted at infinity, every node has exactly one outgoing arc445

included in S, by Lemma 4.1. Procedure 3 consists of replacing one outgoing arc at i with another,446

and therefore, the new tree S′ has the same property. Thus, S′ is also a spanning in-tree rooted at447

infinity (again, by Lemma 4.1), and xS
′

is a basic feasible flow by Lemma 4.2.448

With Procedures 1, 2, and 3 in hand, we state our simplex method in Algorithm 1 (displayed449

below). Lemmas 4.1 and 4.3 imply that all of the spanning trees Sm produced in the algorithm450

(and hence also the trees Tn arising from line 10 of Algorithm 1) are spanning in-trees rooted at451

infinity and all xm’s are basic feasible solutions by Lemma 4.2. All trees Sm are, in fact, strongly452

feasible trees, as originally defined in [6] with the root node being the “virtual” node at infinity.453

In fact, they have even more structure than strongly feasible trees since all paths to the root are454

directed in in-trees.455

Our simplex algorithm shares the layer-based structure of the algorithm presented in [21], but456

our pivoting procedure is not explicitly considered in their development. Although they specify457

that their algorithm works if any anti-cycling method developed for finite problems is applied to458

select entering and exiting arcs inside the while loop, they only mention Bland’s rule specifically.459

Bland’s rule restricts the choice of both entering and leaving variables. In our algorithm we are460

free to choose the entering variable, e.g., we can choose a direction of steepest descent in the layer.461

Despite this flexibility, Theorem 4.4 below shows that the algorithm does not cycle. The similarity462

between our simplex method and that of [21], which applies to a complementary set of problems,463

demonstrates the broad power of simplex-like methods for countably-infinite networks.464
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Algorithm 1 The layered network simplex method for pure supply network flow problems

1: Input: A pure supply network N = (N ,A, b, c).
2: Initialization: Construct a spanning tree S and corresponding basic feasible flow xS using

Procedures 1 and 2.
3: S0 ← S, x0 ← xS , n← 0, m← 1
4: while there exists a nonbasic arc with negative reduced cost do
5: if there exists a nonbasic arc a↑ with negative reduced cost in An then
6: Apply Procedure 3 to S, with a↑ entering in step (i), producing S′

7: Use Procedure 2 to produce xS
′

8: m← m+ 1, S ← S′, Sm ← S, xm ← xS

9: else
10: n← n+ 1, Tn ← S

return xm

Theorem 4.4. Algorithm 1 does not cycle, i.e., the spanning trees Sm in iterations m = 0, 1, . . .465

(line 8) are all distinct.466

Our approach to proving Theorem 4.4 uses a correspondence between two related networks.467

Let N = (N ,A, b, c) denote the network of our original problem, and recall (Proposition 2.1) that,468

without loss of generality, each node has out-degree of at least 1. Let N ′ = (N ,A, b′, c) denote the469

network with the same graph and arc costs, but with supply b′i = bi if bi > 0 and b′i = 1 if bi = 0.470

We say that the transshipment nodes of N have an augmented supply of 1 in N ′. Observe that if471

N is a pure supply network, then so is N ′.472

Lemma 4.5. Let S be a spanning tree associated with a basic flow yS in N ′. Then (i) for every473

arc (i, j) ∈ A, the reduced cost of arc (i, j) with respect to S in N ′ is equal to the reduced cost of474

arc (i, j) with respect to S in N and (ii) the basic flow xS in N can be constructed from the basic475

flow yS by removing the flow originating from the nodes with augmented supply. More precisely,476

for every transshipment node i in N there is a unique path to infinity Pi∞ in S, and the flow xS is477

equal to yS −
∑

i∈N :bi=0 χPi∞ , where χPi∞ is the characteristic vector of the path Pi∞.478

Proof. The proof of (a) is straightforward, since, given the tree of basic arcs, reduced costs depend479

only on the underlying graph and arc costs, which are identical across N and N ′. To prove (b),480

note that another way to express Procedure 2 for a spanning tree S is xS =
∑

i∈N biχPi∞ , where481

χPi∞ is the characteristic vector of the unique path Pi∞ in S. Observe that482

yS =
∑
i∈N

b′iχPi∞ =
∑

i∈N :bi>0

biχPi∞ +
∑

i∈N :bi=0

χPi∞ = xS +
∑

i∈N :bi=0

χPi∞ .483

It is then immediate that yS −
∑

i∈N :bi=0 χPi∞ yields xS .484

Proof of Theorem 4.4. Suppose Sm, m = 0, 1, . . . is the sequence of spanning trees visited by485

Algorithm 1 applied to network N . We first argue that the same sequence of trees can be generated486

by applying Algorithm 1 to network N ′. Since S0 is constructed using Procedure 1, it is a spanning487

in-tree rooted at infinity, and thus both x0 and y0 are basic feasible flows in their respective488

networks. Proceeding by induction, suppose Sm is the tree in iteration m of both algorithms.489

By Lemma 4.5, arcs have the same reduced costs with respect to Sm in both networks, and thus490
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entering arc a↑ chosen by the algorithm applied to N can be chosen by the algorithm applied to491

N ′. Since Procedure 3 prescribes a unique choice of leaving arc given a↑, the same tree will be492

generated by both algorithms after the pivot, concluding the inductive argument.493

Now, for any spanning in-tree S rooted at infinity, the corresponding basic feasible (in network494

N ′) flow yS constructed via Procedure 2 has a flow of at least 1 on every tree arc. Therefore, all495

iterates yS
m
, m = 0, 1, . . . of the simplex method applied to N ′ are nondegenerate, and every pivot496

of the algorithm applied to N ′ decreases the objective value by at least |c̄a↑ | > 0. Thus, all flows497

yS
m

are distinct, implying that all trees Sm, m = 0, 1, . . . are distinct.498

Theorem 4.6. The layered network simplex method either terminates with an optimal flow or499

generates an infinite sequence of adjacent extreme points x0, x1, x2, . . . with nonincreasing objective500

values. If the algorithm does not terminate, then n→∞, and so entering variables from all layers501

in the graph are eventually considered.502

Proof. If the algorithm escapes the while loop in lines 4–10, then the last basic feasible flow xm503

has nonnegative reduced costs for all of its nonbasic variables. It follows by Theorem 3.6 that xm504

is an optimal flow.505

Now consider the case where the while loop is never escaped, i.e., the algorithm generates an506

infinite sequence of adjacent trees and corresponding extreme points x0, x1, x2, . . . with nonincreas-507

ing objective values. We claim that else in line 9 of the algorithm is visited infinitely often, i.e.,508

n → ∞ and every layer of G is eventually reached. Suppose otherwise that line 9 is only visited509

a finite number of times, i.e., there is a point in the algorithm after which the if on line 5 of the510

algorithm is visited at every remaining iteration of the while loop (of which there are infinitely511

many), and n remains constant. Let N denote the final value of n. Note that all arcs entering the512

basis throughout the algorithm must be contained in AN .513

There are two types of pivots that can occur: Type-1 pivots, where the leaving arc is in AN ,514

and Type-2 pivots, where the leaving arc is not in AN . In each Type-2 pivot, the number of basic515

arcs in AN must increase by 1. Indeed, as mentioned above, only arcs in AN enter the basis, so516

once an arc outside of AN leaves, it is replaced by a new basic arc in AN . Since AN is finite, only517

a finite number of Type-2 pivots is possible.518

Thus, after a finite number of iterations, only Type-1 pivots are possible, and an infinite number519

of them are performed. However, since both entering and leaving arcs must come from AN , there520

are now only finitely many possible spanning trees that will be visited by pivoting (since all basic521

arcs outside of AN are fixed during Type-1 pivots). Since there are infinitely-many consecutive522

Type-1 pivots and only finitely-many possible spanning trees to pivot to, eventually the algorithm523

must cycle. This contradiction to Theorem 4.4 completes the proof.524

We next establish an important topological property of the trees generated by Algorithm 1 used525

in our convergence proof. We say a sequence of subgraphs Sk, converges in the product discrete526

topology to a subgraph S if for every arc a ∈ A, there exists a sufficiently large Ka such that for527

k ≥ Ka, a ∈ Sk if and only if a ∈ S (we refer to this behavior as “locking in” of the arcs). In other528

words, for any finite subset of A, Sk’s agree with S on this set of arcs for sufficiently large k.529

Theorem 4.7. Let Sk denote any sequence of spanning in-trees rooted at infinity. There exists530

a convergent (in the product discrete topology) subsequence of these trees that converges to a531

spanning tree S. Moreover, S is a spanning in-tree rooted at infinity and xS is a basic feasible532

solution.533

14



Proof. The set of all subgraphs is compact in the product discrete topology by Tychonoff’s theorem,534

since node degrees are finite. Hence, Sk possesses a convergent subsequence with a subsequential535

limit S. For convenience, we refer to this subsequence again as Sk.536

Consider an arbitrary node i ∈ N . Due to the locking in behavior of the arcs, trees Sk agree537

with S on all arcs adjacent to i for sufficiently large k. Since each Sk is a spanning in-tree rooted538

at infinity, node i has exactly one outgoing arc in each Sk; eventually a single outgoing arc is going539

to lock in, and be the only outgoing arc present at i in S. Thus by Lemma 4.1, S is a spanning540

in-tree rooted at infinity and xS is a basic feasible flow by Lemma 4.2541

We are now ready to state and prove our main result.542

Theorem 4.8. The iterates xm generated by Algorithm 1 converge in value to the optimal value543

of (P). That is, Z(xm) =
∑

(i,j)∈A cijx
m
ij → Z? as m → ∞. Moreover, there exists a subsequence544

of simplex iterates that converges (in the relative topology σ on X described in Section 2) to an545

extremal optimal solution of (P).546

Proof. If Algorithm 1 terminates finitely, it clearly returns a tree and the corresponding optimal547

basic feasible flow; therefore, we consider the case where m → ∞. Let Tn denote spanning trees548

generated in line 10 of the algorithm; they form an infinite sequence by Theorem 4.6. Since all549

of these trees are spanning in-trees rooted at infinity, by Theorem 4.7 there exists a subsequence550

Tnp , p = 1, 2, . . . , that converges (in the product discrete topology) to a spanning tree T ? with551

associated basic feasible flow xT
?
. By conditions verified in line 9, every tree Tnp has the property552

that all arcs in layer Anp have nonnegative reduced costs with respect to Tnp . The proof can be553

completed with the following three claims.554

Claim 1. Arcs not in T ? have nonnegative reduced costs with respect to T ?.555

We establish the claim by contradiction. Suppose there exists an (i, j) not in T ? with reduced556

cost c̄?ij < 0, and let ` be such that A` is the smallest layer of arcs that contains (i, j). To emphasize557

dependence of reduced costs on the specific basis, we will denote the reduced cost of (i, j) with558

respect to Tnp by c̄pij .559

Note that there exists an index P such that for p ≥ P , (i, j) 6∈ Tnp (due to the locking in of560

the arcs in a convergent sequence of trees), and c̄pij ≥ 0 (this happens as soon as np ≥ `). Since561

the reduced cost of a non-basic arc can be calculated by considering the costs of all arcs in the562

cycle created by adding this arc to the tree, it will be convenient to denote the cycles generated by563

adding (i, j) to trees T ? and Tnp by C? and Cp, respectively. We can take P to be large enough so564

that, in addition to the two properties above, for p ≥ P , A` ∩C? = A` ∩Cp, i.e., cycles C? and Cp565

coincide within layer ` (this happens as soon as all arcs within layer ` lock in).566

Let arc (i, j) determine the direction of cycles C? and Cp, and recall that CF and CB denote,567

respectively, the sets of forward and backward arcs of a cycle C. Then568

c̄?ij =
∑
{ca : a ∈ CF? } −

∑
{ca : a ∈ CB? } (4.1)569

=
∑
{ca : a ∈ CF? ∩A`} −

∑
{ca : a ∈ CB? ∩A`} (4.2)570

+
∑
{ca : a ∈ CF? \A`} −

∑
{ca : CB? \A`} (4.3)571

572
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and, for p ≥ P ,573

c̄pij =
∑
{ca : a ∈ CFp } −

∑
{ca : a ∈ CBp } (4.4)574

=
∑
{ca : a ∈ CFp ∩A`} −

∑
{ca : a ∈ CBp ∩A`} (4.5)575

+
∑
{ca : a ∈ CFp \A`} −

∑
{ca : CBp \A`}. (4.6)576

577

Note that both sums above are absolutely convergent by Assumption 2(iv) and, for p ≥ P , expres-578

sions (4.2) and (4.5) coincide. Therefore, for p ≥ P :579

c̄?ij − c̄
p
ij =

∑
{ca : a ∈ CF? \A`} −

∑
{ca : CB? \A`}580

−
(∑

{ca : a ∈ CFp \A`} −
∑
{ca : CBp \A`}

)
.581

582

If C? is a finite cycle, then the above becomes zero once all the arcs in C? lock in. Otherwise, since583

by Assumption 2(iv) c ∈ `1(A), each of the individual sums above goes to zero as ` goes to infinity,584

since it can be interpreted as a tail sum of an `1 sequence. This implies that c̄?ij = limp→∞ c̄
p
ij ≥ 0,585

contradicting our assumption that c̄pij < 0 and proving Claim 1.586

Claim 2. xT
np

converge to xT
?

as p→∞ in the relative product topology σ defined in Section 2.587

The proofs of this claim and Claim 1 use similar logic, relying on the fact that trees T ? and T p588

coincide on any finite set of arcs for sufficiently large p.589

Relative topology σ on the topological space X described in Section 2 is a topology of point-wise590

convergence, so we will argue that, for any arc a ∈ A, xT
np

a and xT
?

a coincide for sufficiently large591

p (i.e., arc flows also “lock in”). Note that xT
np

for any p, as well as xT
?
, belong to X, since they592

are feasible flows.593

Any arc a 6∈ T ? has xT
?

a = 0; for sufficiently large p, this arc is also non-basic in Tnp , and thus594

xT
np

a = 0.595

Consider now an arc a ∈ T ?, which belongs to all Tnp for sufficiently large p. Consider the596

set of all arcs of G adjacent to T ?-predecessors of a (i.e., nodes i such that a is contained in the597

unique path from i to infinity in T ?). This is a finite set of arcs, which become locked in Tnp for598

large enough p. Therefore, for sufficiently large p, a node i is a T ?-predecessor of a if any only if599

it is a Tnp-predecessor of a. Since the flow on a in any Tnp is equal to the sum of supplies at its600

tree-predecessors (cf. Procedure 2), xT
np

a = xT
?

a for sufficiently large p, establishing Claim 2.601

Claim 3. The sequence of basic feasible solutions xT
np

converges in value to Z(xT
?
).602

As we have established in Claim 2, the sequence xT
np
, p = 1, 2, . . . converges to xT

?
in relative603

topology σ on X. Since Z(·) is continuous over X in this topology (Theorem 2.9), Claim 3 follows604

immediately.605

We can now combine the three claims above to complete the proof of the theorem. From606

Theorem 3.6 and Claim 1, x? = xT
?

is an optimal basic feasible solution; thus, by Claim 2 a607

subsequence of iterates xm of the algorithm converges to an optimal solution. Moreover, Z(xm)608

is non-decreasing in m (via Theorem 4.6), and Claim 3 established convergence of values of a609

subsequence of these iterates. Hence, the entire sequence must converge in value to Z?.610

In the course of the above proof we established the following result, which we highlight as a611

corollary.612
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Corollary 4.9. Every convergent subsequence of bases (trees) Tn generated by Algorithm 1 con-613

verges (in the product discrete topology) to an optimal spanning in-tree rooted at infinity.614

We now show that the iterates of the simplex method become “arbitrarily close” to the set of615

the optimal solutions in the following sense. The set RA with the product topology is metrizable616

with a metric d [3, Theorem 16.2]. This metric is inhererited by X and its topology σ. Recall that617

a sequence yn converges to y in a metric space if d(yn, y) → 0 as n → ∞. The distance from a618

point y to a set S is denoted d(y, S) := inf {d(y, s) : s ∈ S}. We say a sequence yn gets arbitrarily619

close to S if d(yn, S)→ 0 as n→∞.620

Theorem 4.10. The sequence of simplex iterates gets arbitrarily close to the set of optimal flows621

of (P).622

Proof. Let F ? denote the set of optimal flows. Suppose there exists a subsequence xmk of simplex623

iterates and an ε > 0 such that d(xmk , F
?) > ε for all k. By the proof of the previous theorem there624

exists a convergent subsequence that converges to an optimal feasible flow x? ∈ F ?. However, this625

contradicts the supposition that d(xmk , X
?) > ε for all k.626

5 All-to-infinity shortest path and dynamic programming627

In this section we provide two examples of problems that fit our framework — the all-to-infinity628

shortest path problem, and deterministic nonstationary infinite horizon dynamic programming.629

5.1 All-to-infinity shortest path problem630

To motivate the all-to-infinity shortest path problem we first consider its finite counterpart: the631

all-to-one shortest path problem (see [5]). Given a finite directed graph with n nodes, where each632

arc (i, j) has length cij (which may be negative), the goal is to determine the shortest directed633

path to a designated node, say, n, from every node i < n, where the length of a directed path is634

the sum of the lengths of its arcs. This problem can be formulated as an uncapacitated network635

flow problem by assigning supply bi = 1 to all nodes i < n, and bn = −(n − 1) to the destination636

node n. An optimal basis in this problem is a spanning in-tree rooted at n consisting of all-to-one637

shortest paths to node n.638

For the infinite version, we are given a graph satisfying Assumption 1 and Assumption 3, with639

costs (arc lengths) that satisfy Assumption 4. A natural counterpart of the above finite problem640

is the all-to-infinity shortest path problem, in which we seek to find a shortest directed path from641

each node to the virtual node at infinity.642

Assign a supply of 1 to all nodes in the graph. The resulting network then satisfies Assumption 2643

and thus is a pure supply network, and our simplex method applies. According to Corollary 4.9,644

the limit of every convergent subsequence of Tn is an optimal spanning in-tree rooted at infinity,645

and corresponds to an in-tree of all-to-infinity shortest paths.646

Assumption 2(iv) is fairly natural here since we optimize over lengths of paths to infinity,647

and these lengths should be summable. The staging can correspond to some notion of “time” or648

“precedence,” depending on the application. As an illustration, we describe below a special case of649

the all-to-infinity shortest path problem where discounted costs are naturally interpreted in terms650

of discounting over time.651
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5.2 Non-stationary infinite horizon dynamic programming problem652

Consider a deterministic non-stationary infinite horizon dynamic programming problems (DP) with653

finite state and action spaces. A system evolves over time periods t = 0, 1, 2, . . . to be in one654

of finitely many states st ∈ St each period. An action at ∈ As,t is chosen from a finite set655

in each period and each state, and the system transitions to a new state according to the law656

s′ = τt(st, at) ∈ St+1 yielding an immediate reward rt(s, a, s
′). We consider a non-stationary657

version of the problem, where state sets, available actions, immediate rewards, and transition laws658

all depend on t. The goal is to determine a closed-loop policy for maximizing total reward, i.e., a659

decision rule d(·, t), t = 0, 1, . . ., that prescribes the choice of action d(s, t) ∈ As,t for every s ∈ St,660

to maximize the infinite sum of rewards starting in state s at time 0.661

This problem can be formulated as a CINF in the following network. Consider a graph with662

nodes (s, t) where t = 0, 1, 2 . . . and s ∈ St, each with supply of 1, and arcs ((s, t), (s′, t+1)) between663

pairs of nodes for which there exists a ∈ As,t such that τt(s, a) = s′ with costs −rt(s, a, s′).664

The resulting network naturally satisfies Assumptions 1 and 2(i–iii). Assumption 3 holds since665

states are only included in the set St for t > 0 if they are reachable from some state in S0 by666

utilizing some sequence of actions. The leaves of the graph are precisely the nodes (s, 0) where s is667

in finite set S0. Moreover, the t-th stage in this network consists precisely of nodes (s, t), s ∈ St —668

a re-interpretation of notation used in Section 2 — and the arcs connect nodes in t-th stage to nodes669

in (t+1)-st stage. Cost structure of Assumption 4(i) is frequently assumed in DPs where maximum670

total discounted reward is sought, and Assumption 4(ii) is also commonly made (in fact, in many671

applications St is the same for every t). This results in a pure-supply network flow problem and our672

simplex method applies. An optimal basis is a spanning in-tree rooted at infinity that corresponds673

to a decision rule, with the outgoing tree arc for node (s, t) associated with the chosen action in674

the state s at time t.675

Finally, observe that this class of countably-infinite network flow problems does not meet the676

sufficient criteria used in the analysis in [21]. For example, in their Proposition 2.5, they require677

the existence of not only explicit upper bounds on the flows, but also a uniform bound on the total678

flow between layers in the graph. In this formulation of DP, the flow between stages is increasing679

at least linearly in t, so there can be no uniform bound on the flow between layers, for any choice680

of root node.681

6 Infinite-horizon dynamic lot sizing problem682

In this section we consider another application that lends itself to analysis similar to that of Sections683

2–4: the infinite-horizon version of the classic dynamic lot sizing problem in the special case of linear684

costs. Although the problem has many properties of the pure supply problem (more precisely, the685

pure demand problem of Remark 2.12), it is not a special case of that class, and requires separate686

analysis.687

6.1 Problem formulation688

The finite-horizon version of the dynamic lot sizing dates back to [22]. There are N periods of689

demand dt for t = 1, . . . , N for a nonperishable product. In each period t, the decision-maker690

decides the amount of product to produce, xt, and the amount of inventory, It+1, to send forward691

to period t + 1. We consider the linear cost version of the problem, where the cost of production692
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Figure 1: Illustration of the network flow representation of a finite-horizon dynamic lot sizing
problem.

in period t is ctxt, and the cost of holding inventory from period t− 1 to t is htIt. We assume that693

the values of dt, ct, and ht are all nonnegative and no backlogging is allowed, so demand in each694

period needs to be met with a combination of inventory available at the beginning of the period695

and production during the period. The problem can then be formulated as a finite network flow696

problem on the network in Figure 1 (adapted from [7]). Each node t = 1, . . . , N in the horizontal697

row represents a period with demand dt, and node 0 represents an auxiliary “source” node with698

supply S =
∑N

t=1 dt. The cost of arc (0, t) (which has flow xt) is ct, and the cost of arc (t − 1, t)699

(which has flow It) is ht.700

In the infinite-horizon setting, the problem has the same structure but now with t = 1, 2, . . ..701

Total demand for the product is infinite, and there is no a priori bound on production in any one702

period, and so we cannot use an auxiliary source node (or nodes) with finite supply in this setting.703

However, the infinite network in Figure 2a can be used to model the infinite dynamic lot sizing704

problem as a countably-infinite network flow problem (see [18] for additional discussion). Here,705

nodes t = 1, 2, . . . have demand dt, and auxiliary nodes st,k for t = 1, 2, . . . and k = 1, 2, . . . are706

transshipment nodes; this network structure corresponds to having a production node “at infinity”707

that can supply demand nodes without there being any explicit supply nodes in the graph. (We708

assume for simplicity that the initial inventory is 0.) The cost structure is as follows: arcs (t− 1, t)709

have cost ht, arcs (st,1, t) have cost ct, and the remaining arcs (st,k+1, st,k) have cost 0. For each710

t, the flow xt on arc (st,1, t) and arcs (st,k+1, st,k) for k = 1, 2, . . . is the production in period t711

and the flow It on arc (t − 1, t) is the inventory carried from period t − 1 to t (for t ≥ 2). We712

denote a feasible solution to the dynamic lot sizing problem by (x, I), and calculate its cost as713

Z(x, I) :=
∑∞

t=1 ctxt +
∑∞

t=2 htIt, noting that, without further assumptions, Z(x, I) may not be714

well-defined or finite.715

Assumption 5. The following hold:716

(i) Demands dt are integer, and d ∈ `∞(R+): 0 ≤ dt ≤ D for all t for some D > 0;717

(ii) The remaining demand after time t (that is,
∑∞

s=t ds) is infinite for all t;718

(iii) Costs are “bounded with discounting”; i.e., there exist a β ∈ (0, 1) and γ, δ > 0, such that719

0 ≤ ct ≤ γβt and 0 ≤ ht ≤ δβt for all t;720

(iv) For any t such that ct = 0, ht′ > 0 for some t′ > t.721

Assumption 5(ii) is included so that the problem does not reduce to the finite case. Assump-722

tion 5(iv) is also quite natural: it precludes the pathological situation where, for some t, production723
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Figure 2: An infinite-horizon dynamic lot sizing problem: (a) network representation; (b) bold arcs
form a spanning tree.

is free, and there is no cost to holding inventory in any period afterwards, i.e., all demand in all724

future periods is met for free by infinitely-large production in period t.725

The countably-infinite network flow formulation of the dynamic lot sizing problem is uncapac-726

itated, and therefore does not satisfy the assumptions of [21]. We cannot bound feasible flows727

or their costs implicitly either: consider a sequence of feasible flows (xn, In) where production in728

period 1 is used to meet demand up to period n (that is, xn1 =
∑n

t=1 dt) and xnt = dt for t > n.729

Clearly, as n → ∞ the cost of feasible flow (xn, In) tends to infinity. This simple example shows730

that assumption of [21, Proposition 2.5] is not satisfied either.731

This network also violates assumptions of Section 2: note that the graph in Figure 2a contains732

directed cycles at infinity consisting of vertical arcs at any t together with horizontal arcs thereafter.733

Our analysis of the pure supply case used the absence of directed cycles at several key points:734

e.g., definition of stages (Assumption 4), finite objective value of feasible solutions (Lemma 2.5),735

compactness of the feasible region (Lemma 2.7), continuity of the objective function (Theorem 2.9),736

and convergence of spanning trees (Theorem 4.7). However, as we show in this section, analogous737

results can be established using different techniques.738

6.2 Spanning trees and extreme point solutions739

Under Assumption 5(i), Theorem 3.2 implies that every extreme point of the feasible region of this740

network flow problem is a basic feasible solution, and vice versa. These basic feasible solutions are741

associated with spanning trees of the following structure:742

(i) there is an infinite increasing sequence of production periods tj , j = 1, 2, . . ., with t1 = 1,743

(ii) arcs (st,1, t) (i.e., production arcs) are basic (i.e., in the tree) for t = tj , j = 1, . . .,744

(iii) arcs (t− 1, t) (i.e., inventory arcs) are basic, except for t = tj , j = 1, 2, . . ., and745

(iv) arcs (st,k+1, st,k), k ≥ 1 are basic for all periods t (although they have flow 0 for non-production746

periods).747

Setting t1 = 1 ensures the tree is indeed spanning. Moreover, the sequence {tj} characterizing748

the spanning tree has to be infinite (otherwise, if N is the index of the largest production period,749
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there is an infinite cycle consisting of the nodes . . . , sN,3, sN,2, sN,1, N,N + 1, N + 2, . . . ). Figure 2b750

illustrates a portion of a spanning tree where t1 = 1 and t2 = 3 (basic arcs are in bold). These751

observations establish the following:752

Lemma 6.1. Every spanning tree is an out-tree rooted at infinity and associated with a basic753

feasible flow.754

Another implication of this structure is as follows:755

Lemma 6.2. If Assumption 5 holds, and (x, I) is a basic feasible flow, then xtIt = 0 for all t. In756

other words, in every basic feasible flow, products are produced in period t only if there is zero757

incoming inventory into period t.758

Proof. Suppose xt > 0. If It > 0 then there must exist a previous period t′ where xt′ > 0 and759

It′+1, It′+2, . . . , It−1 > 0. However, this creates an infinite (undirected) cycle of active arcs, namely760

those connecting the nodes . . . , st′,2, st′,1, t
′, t′ + 1, . . . , t − 1, t, st,1, st,2, . . . . Since active arcs must761

be basic, this violates the assumption that (xt, It) is a basic feasible flow.762

Remark 6.3. The property xtIt = 0 for all t is often called the Wagner–Whitin property (see [22]763

for its derivation for an optimal solution in the finite case). In the finite case the same is true when764

the objective function is, more generally, concave; for instance, in [22] production cost includes765

a fixed cost. In the finite case, it is well known that minimizing a concave function gives rise to766

optimal extreme point solutions which possess the Wagner–Whitin property. In the infinite case,767

the feasible region needs to be compact and objective function needs to be continuous in order to768

leverage the analogous result via Bauer’s minimum theorem (Theorem 7.69 in [3]). We treat these769

topics in the infinite setting later in Section 6.4.770

In light of the above tree structure, a basic feasible flow has xtj =
∑tj+1−1

i=tj di for all j, and771

xi = 0 for i = tj +1, . . . , tj+1−1, and so we say that production period tj covers demand in periods772

tj to tj+1− 1. The amount of inventory at the beginning of period tj is Itj = 0, and the amount of773

inventory It for t 6= tj can be determined by reducing the amount of production in the most recent774

production period by the demands met at all the interceding periods.775

6.3 A simplex method776

We can apply the layered simplex method (Algorithm 1) adapted to work with out-, rather than777

in-trees, to the network flow formulation of the dynamic lot sizing problem. In fact, we show below778

that only a finite amount of computation is needed per iteration of the algorithm, in contrast to779

the general case.780

We can initialize the algorithm with the flow (x0, I0) where x0t = dt and I0t = 0 for all t. Clearly,781

this flow is feasible. Moreover, it has finite cost under Assumption 5:782

Z0 = Z(x0, I0) =
∞∑
t=1

ctdt ≤
∞∑
t=1

CDβt =
CDβ

1− β
< +∞. (6.1)783

We now turn to the while loop in the algorithm (starting with line 4). Let the current spanning784

tree be specified by the infinite sequence tj , j = 1, 2, . . . with t1 = 1. Note that there are two types785

of non-basic arcs:786
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Case 1: The first type of a non-basic arc is a production arc (st,1, t) for tj−1 < t < tj , where tj−1 is787

the production period that covers demand in period t (e.g., arc (s2,1, 2) in the graph in Figure 2b).788

Adding this arc to the tree and computing the cost of the resulting infinite cycle, we can compute789

the reduced cost of the arc as ct − ctj−1 −
∑t

t=tj−1+1 ht. If this arc is chosen to enter the basis,790

corresponding inventory arc (t− 1, t) will leave.791

Case 2: The second type of a non-basic arc is an inventory arc (tj − 1, tj) for some j > 1 (e.g.,792

arc (2, 3) in the graph in Figure 2b). Adding this arc to the tree and computing the cost of the793

resulting infinite cycle, we can compute the reduced cost of the arc as ctj−1 − ctj +
∑tj1

t=tj−1+1 ht. If794

this arc is chosen to enter the basis, corresponding production arc (stj ,1, t
j) will leave.795

In both cases, the reduced cost calculation can be performed in finite time using only requires796

information on inventory and production costs up to period tj .797

Lemma 6.4. Suppose (x, I) is a basic feasible solution with finite objective function value. After798

a pivot, the resulting basic feasible solution will also have finite objective function value.799

Proof. The change in objective function value after a pivot can be computed as the product of the800

reduced cost of the entering arc (clearly finite according to the above discussion) and the flow on801

the leaving arc (also finite).802

We conclude this subsection by collecting properties of the simplex algorithm that carry over to803

this setting from Section 4. Indeed, a careful examination of the results in that section reveals that804

the assumptions violated in the dynamic lot sizing problem all stem from the presence of infinite805

directed cycles in the graph, and are not relevant for establishing the results captured here.806

Theorem 6.5. Consider the layered simplex method for the infinite horizon dynamic lot sizing807

problem. Then (i) the algorithm does not cycle (cf. Theorem 4.4), (ii) each layer is eventually808

reached as the algorithm proceeds (n → ∞) (cf. Theorem 4.6), (iii) costs of successive simplex809

iterates are nonincreasing (cf. Theorem 4.6), and (iv) all iterates of the algorithm are spanning810

out-trees rooted at infinity, and a subsequence of iterates converges to T ?, which is a spanning811

out-tree rooted at infinity with nonnegative reduced costs on all arcs (cf. Claim 1).812

6.4 A compact representation813

The remainder of the argument to establish optimal value convergence roughly follows the proof814

of Theorem 4.8. We first need to establish compactness of the feasible region (cf. Lemma 2.7)815

and continuity of the objective (cf. Theorem 2.9). These results establish termination conditions816

for the simplex method: first, than an extreme point optimal solution exists, and second, that an817

optimal tree is characterized by nonnegative reduced costs (Theorem 3.6).818

In Section 2.3 we established existence of an optimal extreme point before studying the simplex819

algorithm. Here, we take the opposite approach, using properties of the simplex method to argue820

that an extremal optimal solution exists.821

Recall that the simplex method was initialized with the basic feasible solution (x0, I0) with822

finite cost Z0 (defined in (6.1)).823

Lemma 6.6. The objective value of a feasible flow is either a nonnegative real number or +∞.824

The optimal objective value Z? is a nonnegative real number.825
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Proof. By Assumption 5, the terms in the sum Z(x, I) =
∑∞

t=1 ctxt +
∑∞

t=2 htIt are nonnegative826

for any feasible flow. Thus, the sum is either a nonnegative real number or +∞. Since Z? ≤827

Z(x0, I0) < +∞, the former holds.828

We add the following additional constraint to our formulation:829

∞∑
t=1

ctxt +
∞∑
t=2

htIt ≤ Z0 + 1, (6.2)830

and let F 0 denote the new feasible region. We make several observations about F 0.831

First, constraint (6.2) puts implicit bounds on all flows. Indeed, if ct > 0 then from (6.2) we832

have ctxt ≤ Z0 + 1, and thus, xt ≤ (Z0 + 1)/ct. Similarly, if ht > 0 then It ≤ (Z0 + 1)/ht. If ct = 0833

for some t, there exists t′ > t with ht′ > 0 by Assumption 5(iv). Let D =
∑t′−1

τ=t dτ . If xt > D, we834

have It′ ≥ xt −D > 0 and therefore xt ≤ D + (Z0 + 1)/ht′ . A similar bound on It can be derived835

when ht = 0. This allows us to conclude that feasible region F 0 is compact in the product topology836

— a result analogous to Lemma 2.7.837

Second, all extreme points of the original problem with lower costs than (x0, I0) satisfy con-838

straint (6.2) strictly. Therefore, such flows are extreme points of F 0.839

Third, the set F 0 may have extreme points that are not among the extremal flows of the original840

problem. However, (6.2) must be active at these extremal flows; that is, their cost must greater841

than that of (x0, I0).842

Since the simplex method visits extreme points with nonincreasing costs (Theorem 6.5(iii)), this843

implies only extreme points of F 0 that were also extreme points of the original problem are visited.844

Navigating among improving extreme points of F 0 is equivalent to applying the simplex method to845

the original problem with initial basic feasible flow (x0, I0). Thus, Theorem 2.9 and Corollary 2.10846

can be adapted to the dynamic lot-sizing problem (by posing them over F 0 and using the relative847

topology of the product topology on that set) to conclude that objective function Z is continuous848

over F 0 and an extreme point optimal solution exists.849

Since the formulation has a compact feasible region and a continuous objective function, we can850

adapt the development of Section 3 to conclude that an optimal basis is characterized by nonnegative851

reduced costs (Theorem 3.6). Combining this with the conclusions of Theorem 6.5(iv) allows us852

to conclude that the limit tree T ? gives rise to an optimal feasible flow xT
?
. This establishes the853

following.854

Theorem 6.7 (c.f. Theorem 4.8). Consider the infinite horizon dynamic lot sizing problem under855

Assumption 5. The iterates (xm, Im) of Algorithm 1 with initial basic feasible flow (x0, I0) converge856

in value to optimality. Moreover, there exists a subsequence of the simplex iterates that converges857

(in the topology of F 0) to an extremal optimal flow.858

7 Duality859

We return to the pure supply setting of Sections 2 to 4 and provide a proof of strong duality using860

an argument based on the simplex method. Our argument is based on the strong characteriza-861

tion we have for an optimal tree and corresponding feasible flow, as summarized in Theorem 3.6862

and Corollary 4.9.863
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We propose the following dual problem to associate with (P):864

D? = sup
π

D(π) :=
∑
i∈N

biπi (7.1a)865

(D) s.t. πi − πj ≤ cij for (i, j) ∈ A (7.1b)866

π ∈ c0, (7.1c)867
868

where c0 is the space of null sequences: c0 = {π ∈ R∞ : limi→∞ πi = 0}. The reason for this choice869

of dual space is that the tranversality condition of [17] is then satisfied by construction. Note that870

c0 (which contains π) and `∞ (which contains b) are not topological dual vector spaces (indeed, the871

topological dual of c0 is `1) and so weak duality is not a consequence of existing theory (e.g., [4])872

and must be derived using specialized arguments.873

In [21], the authors provide an example of a network such that the dual problem obtained by874

simple application of the formulation procedure familiar from the finite case (i.e., omitting space875

restrictions on the dual variables (7.1c)) did not produce a strong, or even a weak, dual problem.876

The uncapacitated version of their example is as follows: consider a graph with nodes i = 1, 2, . . .877

and arcs (i, i+ 1), i = 1, 2, . . . . Consider a supply of 1 at node 1, and 0 elsewhere, and let the cost878

of arc (i, i + 1) be (1/2)i. The only feasible primal solution is xi,i+1 = 1 for all i, with the cost879

Z? = 1. There is a variety of dual solutions satisfying (7.1a) and (7.1b). For example, we could880

take πi = λ for all i, for any number λ (this is the solution suggested in [21]); the objective value881

of this solution is λ, which can be made arbitrarily large or small.882

What is at issue here is that, in the infinite case, total supply does not necessarily have to equal883

total demand, since the virtual node at infinity can serve as an infinite source or an infinite sink,884

provided the network has appropriate topology. To take advantage of this interpretation, define885

basic dual solutions as follows. Suppose T is a spanning tree, and xT is the corresponding primal886

basic solution. For each node i, let Pi∞ be the unique path from i to infinity in T , and let PFi∞ and887

PBi∞ be the set of forward and backward arcs in this path, respectively. We then define888

πTi = Z(Pi∞) :=
∑

(k,j)∈PF
i∞

ck,j −
∑

(k,j)∈PB
i∞

ck,j . (7.2)889

πTi , which is well-defined since c ∈ `1, can be interpreted as the total cost of the path from i to890

infinity in T , taking into account arc directions. (In the above example, this would correspond to891

taking π1 = 1.) xT and πT are complementary, since πTi − πTj = cij for (i, j) ∈ A(T ). Observe that892

πT ∈ c0 since c ∈ `1(A) and tail sums of a summable sequence converge to 0. It is trivial to see893

that reduced costs are equal to slacks in constraints (7.1b) and thus πT is dual-feasible if and only894

if all reduced costs with respect to T are nonnegative.895

The next lemma shows that xT and πT associated with a spanning in-tree T rooted at infinity896

have the same objective function values.897

Lemma 7.1. If T is a spanning in-tree rooted at infinity then Z(xT ) = D(πT ).898

Proof. Construct xT via Procedure 2 and πT via (7.2). Then, by the continuity of Z (Theorem 2.9),899

Z(xT ) =
∑

i∈N bi · Z(Pi∞) =
∑

i∈N biπ
T
i = D(πT ).900

To prove weak duality we establish the following two lemmas.901
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Lemma 7.2. Let π be a dual-feasible solution. Then for any i, πi ≤
∑

(k,`)∈P→i∞
ck` for any directed902

path P→i∞ from i to infinity.903

Proof. Let j1 = i, j2, j3, . . . be the sequence of nodes forming P→i∞, and let us denote cjt,jt+1 by ct904

to simplify notation. Dual feasibility of πT implies that πjt ≤ ct + πjt+1 for all t ≥ 1. Invoking this905

inequality k times reveals906

πi ≤
K∑
k=1

ck + πjK+1 (7.3)907

for all K ≥ 1. Taking the limit as K → ∞ on both sides of (7.3) yields πi ≤
∑∞

k=1 ck +908

limK→∞ πjK+1 . The second limit on the right-hand side is 0 since π ∈ c0. Hence, πi ≤
∑∞

k=1 ck =909 ∑
(k,`)∈P→i∞

ck,`, as required.910

Theorem 7.3 (Weak duality). In a pure-supply network, every primal feasible x and dual feasible911

π satisfy Z(x) ≥ D(π).912

Proof. By Corollary 4.9, there exists an optimal spanning in-tree rooted at infinity, T ?, and the913

corresponding optimal basic feasible flow x?. Let P ?i∞ denote the directed path to infinity from914

i ∈ N in T ?. Recall that we can write Z(x?) =
∑

i∈N biZ(P ?i∞). By Lemma 7.2, we know that915

πi ≤ Z(P ?i∞) for every dual feasible π, which, combined with expression above, yields Z(x?) =916 ∑
i∈N biZ(P ?i∞) ≥

∑
i∈N biπi = D(π). Since Z(x) ≥ Z(x?) for all feasible flows x this immediately917

implies Z(x) ≥ D(π) for all feasible x and π.918

Theorem 7.4 (Strong duality). There are optimal solutions x? to (P) and π? to (D) such that919

Z(x?) = D(π?).920

Proof. Let T ? be an optimal spanning in-tree rooted at infinity, x? = xT
?

and π? = πT
?
. We know921

that x? is a primal-feasible solution, Z(x?) = D(π?) (via Lemma 7.1), and π? satisfies (7.1b).922

To conclude that π? is a feasible dual solution, it remains to show that π? ∈ c0. Label the923

nodes and the arcs in accordance with the stages in the graph, as discussed in Section 2 (since924

reordering of the elements of a sequence does not have an effect on its limit). Recall that c ∈ `1,925

i.e.,
∑∞

a=1 |ca| <∞. This implies that tail sums
∑∞

a=k |ca| converge to 0 as k →∞.2926

For any i ∈ N , |π?i | = |Z(P ?i∞)| by (7.2). As i increases, the cost of the corresponding path927

is equal to the sum of costs of arcs connecting higher-numbered stages. In particular, since the928

number of nodes in each stage is finite, as i→∞, the stage labels, and hence the labels of the arcs929

included in the sum, also tend to infinity. In other words, |π?i | can be bounded above by the tail930

sums
∑∞

a=k |ca| with k →∞ as i→∞, establishing the desired result.931

Remark 7.5. Observe that the key to Theorem 7.3 is that spanning tree T ? is an in-tree rooted932

at infinity. This same result (for out-trees) holds for the problem studied in Section 6. Hence, the933

theory of this section can be adjusted in a straightforward way to provide weak and strong duality934

results for the infinite-horizon dynamic lot sizing problem as well.935

2Labeling arcs by the natural numbers respecting stages, as discussed in Section 2.2 (preceding the statement of
Assumption 4).
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8 Conclusion936

In this paper we devised a simplex method for infinite network flow problems that addresses po-937

tential cycling in the degenerate case and has convergence guarantees, without relying on uniform938

capacity bounds. Our algorithm produces a sequence of monotone improving adjacent extreme939

points that converges in value to the optimum, and converges to an extreme point optimal solution940

on a subsequence. A variety of applied problems are amenable to this method. Our approach is941

“primal,” in contrast to all known previous results on countably-infinite linear programs (CILPs),942

that argue through analysis of a dual. Consequently, our approach provides new tools and insights943

to study CILPs.944

There is scope for extending our results. Our simplex method is not necessarily finitely imple-945

mentable. Calculating reduced costs in line 5 may involve infinite cycles with infinite data. However,946

as demonstrated in our analysis of the dynamic lot sizing problem, it is possible that looking at only947

a finite amount of data could suffice for sufficiently structured problems. Uncovering this structure948

is an area for future investigation.949

Extensions to more general network flow problems are also a topic of future work. For instance,950

including a mix of demand and supply nodes in a structured setting could allow modeling of infinite951

versions of matching and transportation problems. There are new challenges associated with this952

generalization, but we believe the core methodology developed in this paper can serve as a blueprint.953
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